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We study the motion of particles in the background of a four-dimensional linear dilaton black hole.
We solve analytically the equations of motion of the test particles and we describe their motion. We
show that the dilaton black hole acts as a particle accelerator by analyzing the energy in the center
of mass (CM) frame of two colliding particles in the vicinity of its horizon. In particular we find
that there is a critical value of the angular momentum, which depends on the string coupling, and
a particle with this critical angular momentum can reach the inner horizon with an arbitrarily high
CM energy. This is known as the Ban˜ados, Silk and West (BSW) process. We also show that the
motion and collisions of particles have a similar behavior to the three-dimensional BTZ black hole.
In fact, the photons can plunge into the horizon or escape to infinity, and they can not be deflected,
while for massive particles there are no confined orbits of first kind, like planetary or circular orbits.
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I. INTRODUCTION
Stringy black holes are interesting because they have quite different properties from those that appear in the black
hole solutions of general relativity (GR). The main ingredient of these solutions is the presence of a scalar field, the
dilaton, which effectively acts as a string coupling. Then with a suitable conformal transformation this field couples
to the electromagnetic field and this new coupling alters the known properties of spherically symmetric black hole
solutions of GR. A static stringy charged black hole solution was found in [1], and independently in [2], known as
Garfinkle-Horowitz-Strominger (GHS) black hole. These solutions resulted from a four-dimensional field theory of a
heterotic string theory. Then, in the context of the heterotic string theory, a general electrically charged, rotating
black hole solution was found [3, 4] which later was extended [5] and black hole solutions were found carrying electric
charge, and both, electric and magnetic type antisymmetric tensor gauge field charge. Also, solitonic black hole
solutions [6] and black hole solutions in the presence of a cosmological constant [7] were found.
In [8] within the Einstein-Maxwell-dilaton-axion theory rotating black hole solutions which asymptote to the linear
dilaton space-time were found. The non-rotating case can be considered as some limit of extremal GHS black holes with
a geometric interpretation of a horizon plus a throat describing a non-asymptotically flat black hole. Particularly they
can be regarded as excitations over the linear dilaton vacua, forming a two-parameter family, which can be obtained
as near-horizon and near-extreme limits of the parent dilaton black holes. Also in [8] a rotating version of linear
dilaton black holes were found in which the dilaton field is independent of the black hole mass. The metric possesses
an ergosphere outside the event horizon, which rotates with some angular velocity Ωh. The angular momentum J
computed as a surface integral at spatial infinity contains both a geometrical contribution and that coming from the
Maxwell field. The Hawking temperature and the entropy depend both on the mass and the angular momentum of
the black hole, these quantities are shown to satisfy the first law in the form dM = TdS + ΩhdJ . Also analytical
solutions of rotating linear dilaton black holes were discussed in [9, 10].
The Hamilton-Jacobi equation in the rotating linear dilaton black hole spacetime is shown to be separable [8] as
in the Kerr case, indicating the existence of a Stachel-Killing tensor. Timelike geodesics do not escape to infinity,
3while null ones do so for an infinite affine parameter. The Klein-Gordon equation is also separable, the mode behavior
near the horizon exhibits the superradiance phenomenon. It was shown that all superradiant modes are reflected at
large distances from the black hole, so there is no superradiant flux at infinity, in contrast with the case of massless
fields in the Kerr spacetime. This situation is similar to the confinement of massive superradiant modes in the Kerr
metric, which are reflected back to the horizon causing stimulated emission and absorption. In the classical limit this
leads to an amplification effect due to the positive balance between emission and absorption. In the Kerr spacetime
this phenomenon is rather small, being present only for massive modes. In our case massless modes are confined too,
therefore all superradiant modes will form a cloud outside the horizon with an exponentially growing amplitude. This
is in fact a classical instability which manifests itself in the rapid transfer of angular momentum from the hole to the
outside matter cloud. A similar conclusion was obtained in [11] for the case of the Kerr-AdS spacetime with reflecting
boundary conditions on the AdS boundary. The stability of the rotating linear dilationic black hole was also studied
in [12], by calculating the quasinormal modes of scalar field perturbations and superradiant modes.
The properties of charged black holes in string theory can be revealed studying the geodesics around these solutions.
This is because except the information we get solving the classical equations of motion in the form of Einstein equations
we also get information about stringy corrections due to the string coupling which is of the order of Planck scale. The
study of null geodesics in the electrically charged GHS black hole was carried out in Refs. [13, 14], and the timelike
geodesics were analyzed in [14–18]. Additionally, in [19] the gravitational Rutherford scattering and Keplerian orbits
were studied in the GHS black hole background and the motion of massive particles with electric and magnetic charges
in the background of a magnetically charged GHS stringy black hole in Ref. [20].
The aim of this work is to consider the linear dilaton black hole solution [8], and to study the geodesic structure.
Also, to analyze, via the Ban˜ados, Silk and West (BSW) mechanism, the possibility of obtaining unbounded energy
in the center of mass (CM) frame of two colliding particles. Two particles colliding near the degenerate horizon of an
extreme Kerr black hole could create a large CM energy if one of the particles has a critical angular momentum; thus,
extreme Kerr black holes can act as natural particle accelerators, which is known as BSW mechanism [21]. Then,
based on an infinite acceleration being able to occur not only for extremal black holes but also for non-extremal ones
[22], it was shown that an infinite energy in the CM frame of colliding particles is a universal property of rotating black
holes as long as the angular momentum of one of the colliding particles approaches the critical value [23]. However, it
was shown that the similar effect exists for non-rotating charged black holes [24]. Moreover, the extension of the BSW
mechanism to non-extremal backgrounds shows that particles cannot collide with arbitrarily high energies at the outer
horizon and that ultra-energetic collisions can only occur near the Cauchy horizon of a Kerr black hole with any spin
parameter [25]. The non-extremal Kerr-de Sitter black holes could also act as particle accelerators with arbitrarily
high CM energy if one of the colliding particles has the critical angular momentum [26]. Also, it is known that two
particles in the ergosphere lead to infinity growth of the energy of the CM frame, provided the angular momentum
of one of the two particles has a large negative angular momentum and a fixed energy at infinity for the Kerr black
holes [22], which was subsequently proven to be a universal property of the ergosphere [27]. The BSW mechanism
has been studied for different black hole geometries. Higher-dimensional black holes have been studied, for instance,
in Refs. [28–30], lower-dimensional black holes in Refs. [31, 35, 36, 44–46], as well as stringy black holes [37].
The manuscript is organized as follows: In Sec. II we give a brief review of the linear dilaton black hole. Then, we
obtain the equations of motion in Sec. III. In Sec. IV we analyze the geodesics in the equatorial plane. In Sec. V
we obtain the CM energy of two colliding particles, and we study the radial motion of a particle with critical angular
momentum and we investigate the possibility that the black hole acts as a particle accelerator. Then, in Sec VI we
study the geodesics in four dimensions. Finally, our conclusions are in Sec. VII.
II. STATIC LINEAR DILATON BLACK HOLES
In this section we will review how the linear dilaton black hole is extracted from the GHS solution [2]. The most
general action of low energy heterotic string theory is given by
S =
∫
dDx
√−g e−2ϕ
[
Λ +R+ 4(∇ϕ)2 − FµνFµν − 1
12
HµνρH
µνρ
]
, (1)
where the scalar field ϕ is the dilaton field, Fµν is a Maxwell field, and the three form Hµνρ is related to a two-form
potential Bµν and the gauge field Aµ by H = dB − A ∧ F so that dH = −F ∧ F . Note that in this action the term
eϕ plays the role of a coupling constant giving the strength of the stringy effects.
If we set H to zero and make the conformal transformation of the metric to rescale gµν by e
−2ϕ to get a metric
with the standard Einstein action
gEµν = e
−2ϕgµν . (2)
4The action now becomes (with Λ = 0)
S =
∫
d4x
√−gE
(
RE − 2(∇ϕ)2 − e−2ϕF 2
)
. (3)
Rescaling the Einstein metric we get a simple form of an electrically charged black hole
ds2E = −(1−
2M
r
)dt2 + (1− 2M
r
)−1dr2 + r(r − Q
2
M
)dΩ , (4)
Frt =
Q
r2
, e2φ = 1− Q
2
Mr
. (5)
Note that the metric in the r− t plane is identical to Schwarzschild. The only difference is that the area of the spheres
is smaller. In fact, this area goes to zero when r = Q2/M and this surface is singular. Since gtt remains finite at
the singularity, there is no “infinite stretching” analogous to what happens to an observer hitting the singularity in
Schwarzschild. As you increase Q, the singularity moves out in “r”. In the extremal limit Q2 = 2M2, the singularity
coincides with the horizon. If you increase Q farther, the singularity moves outside the horizon and becomes timelike.
Using these properties of the electrically charged GHS black hole, studying its near-horizon and near-extremal limits
and the results of [38] a linear dilaton black hole solution was constructed in [8]
ds2 =
r − b
r0
dt2 − r0
r − bdr
2 − r0rdΩ2, (6)
e2φ =
r
r0
, Ftr =
1√
2r0
. (7)
The two parameters r0 and b have a different physical meanings. The first describes the electric charge Q of the
solution which is given by the flux through a 2-sphere
Q =
1
4pi
∫
e−2φF 0r
√
g dΩ =
r0√
2
, (8)
and characterizes the linear dilaton background and the parameter b characterizing the black hole solution is pro-
portional to its mass. This solution corresponds to the Schwarzschild black hole. However the spacetime is not
asymptotically flat.
Finally, this static lineal dilaton solution was generalized to a stationary one [8]
ds2 =
r2 − 2Mr + a2
r0r
dt2 − r0r
[
dr2
r2 − 2Mr + a2 + dθ
2 + sin2 θ
(
dϕ− a
r0r
dt
)2]
, (9)
F =
1√
2
[
r2 − a2 cos2 θ
r0r2
dr ∧ dt+ a sin 2θ dθ ∧
(
dϕ− a
r0r
dt
)]
, (10)
e−2φ =
r0r
r2 + a2 cos2 θ
. (11)
The Maxwell two-form is derivable from the following four-potential
A =
1√
2
(
r2 + a2 cos2 θ
r0r
dt+ a sin2 θ dϕ
)
, (12)
where the gauge is chosen such that the vector magnetic potential be regular on the axis θ = 0.
Although the metric (9) was derived from the Kerr metric, it differs in its asymptotic behavior (r → ∞), which
is the same as for the linear dilaton metric and in its behaviour near r = 0. In the case of the Kerr metric, r = 0
is the equation of a disk through which the metric can be continued to negative r, while in (9) r = 0 is a timelike
line singularity. It follows studying the Penrose diagrams of (9) for the three cases M2 > a2, M2 = a2 and M2 < a2
are identical, not to those of the Kerr spacetime, but rather to those of the Reissner-Nordstro¨m spacetime, with the
charge replaced by the angular momentum parameter a.
5III. MOTION EQUATIONS OF PARTICLES IN A LINEAR DILATON BLACK HOLE
Now, in order to obtain the motion equations of particles and photons in a linear dilaton black hole we rewrite the
metric (9) as
ds2 = −f(r)dt2 + dr
2
f(r)
+ h(r)
(
dθ2 + sin2 θ
(
dϕ− a dt
h(r)
)2)
, (13)
where
f(r) =
r2 − 2Mr + a2
r0r
=
(r − r+)(r − r−)
r0r
, h(r) = r0r , (14)
and r0 is a positive constant. The outer and inner horizons are given by
r± = M ±
√
M2 − a2 . (15)
It is worth noting that the geodesic structure of the linear dilaton black hole was studied in [39] for the non-rotating
case. Here, we shall extend such study by considering the rotating case.
So, we first derive the equations of motion following the same approach given in [40]. We consider the motion of test
particles with mass m and photons. Thus, in order to obtain the equation of motion, we apply the Hamilton-Jacobi
formalism. In this sense, the Hamilton-Jacobi equation for the geometry described by the metric gµν is
2
∂S
∂τ
= gµν
∂S
∂xµ
∂S
∂xν
. (16)
So, in order to solve the Hamilton-Jacobi equation, and taking into account the symmetries of the metric, we use the
following ansatz for the action
S = −1
2
m2τ − E t+ Sr(r) + Sθ(θ) + Lϕ , (17)
where E and L are identified as the energy and angular momentum of the particle. Thus, by replacing this ansatz in
Eq. (16) yields (
∂Sr
∂r
)2
−
(
E
f(r)
− aL
h(r)f(r)
)2
+
m2
f(r)
+
1
h(r)f(r)
((
∂Sθ
∂θ
)2
+
L2
sin2 θ
)
= 0 . (18)
Now, using the standard procedure we recognize the following constant
k2 =
(
∂Sθ
∂θ
)2
+
L2
sin2 θ
, (19)
which is identified as the Carter separability constant. Then, we obtain the following equation for the radial component
of the action (
∂Sr
∂r
)2
−
(
E
f(r)
− aL
h(r)f(r)
)2
+
k2 +m2h(r)
h(r)f(r)
= 0 . (20)
Thus, the formal solutions for the radial and polar components of the action are given by
Sr(r, k
2, E, L) = 
∫ √(
E − aL
r0r
)2
− f(r)
(
m2 +
k2
r0r
)
dr
f(r)
, (21)
Sθ(θ, k
2, L) = 
∫ √
k2 − L
2
sin2 θ
dθ , (22)
6where  = ±1. Now, using the Hamilton-Jacobi method and making δSδk2 = 0, δSδm2 = 0, δSδE = 0 and δSδL = 0, we
simplify our study to the following quadrature problem∫
dθ√
k2 − L2
sin2 θ
=
∫
dr
r0r
√(
E − aLr0r
)2
− f(r)
(
m2 + k
2
r0r
) , (23)
τ(r) = 
∫
dr√(
E − aLr0r
)2
− f(r)
(
m2 + k
2
r0r
) , (24)
t(r) = 
∫ (E − aLr0r) dr
f(r)
√(
E − aLr0r
)2
− f(r)
(
m2 + k
2
r0r
) , (25)
ϕ(r) = 
∫ (E − aLr0r) ar0r√(
E − aLr0r
)2
− f(r)
(
m2 + k
2
r0r
) drf(r) + 
∫
L
sin2 θ
√
k2 − L2
sin2 θ
dθ . (26)
Then, by defining the Mino time γ as dγ = dτ/(r0r), we can write the equations of motion in terms of the new time
parameter, which yields (
dθ
dγ
)2
= k2 − L
2
sin2 θ
, (27)
(
dr
dγ
)2
= r20r
2
((
E − aL
r0r
)2
− f(r)
(
m2 +
k2
r0r
))
, (28)
dϕ
dγ
=
(
E − aL
r0r
)
a
f(r)
+
L
sin2 θ
, (29)
dt
dγ
=
r0r
(
E − aLr0r
)
f(r)
. (30)
In this way we have the equations of motion for our particles moving in the background of linear dilaton black hole.
In the next section we will perform an analysis of the equations of motion in the equatorial plane.
IV. GEODESICS IN THE EQUATORIAL PLANE
The Lagrangian associated with the motion in the equatorial plane, that is, θ = pi/2 and θ˙ = 0 results to be:
2L = −r
2 − 2Mr
r0r
t˙2 − 2at˙φ˙+ r0r
r2 − 2Mr + a2 r˙
2 + r0r φ˙
2 , (31)
where q˙ = dq/dτ , and τ is an affine parameter along the geodesic that we choose as the proper time. Since the
Lagrangian (31) is independent of the cyclic coordinates (t, φ), then their conjugate momenta (Πt,Πφ) are conserved.
Then, the equations of motion are obtained from Π˙q − ∂L∂q = 0, and yield
Π˙t = 0, Π˙r = − t˙
2
2 r0
− r0(r
2 − a2) r˙2
2(r2 − 2Mr + a2)2 +
r0φ˙
2
2
and Π˙φ = 0 , (32)
where Πq = ∂L/∂q˙ are the conjugate momenta to the coordinate q, and are given by
Πt = −r
2 − 2Mr
r0r
t˙− a φ˙ ≡ −E , Πr = r0r
r2 − 2Mr + a2 r˙ and Πφ = −at˙+ r0r φ˙ ≡ L , (33)
7where E and L are dimensionless integration constants associated to each of them. Therefore, the Hamiltonian is
given by
H = Πtt˙+ Πφφ˙+ Πr r˙ − L (34)
2H = −E t˙+ L φ˙+ r0r
r2 − 2Mr + a2 r˙ ≡ −m
2 . (35)
Now, by normalization, we shall consider that m2 = 1 for massive particles and m2 = 0 for photons. Therefore, we
obtain
φ˙ =
r0r aE + (r
2 − 2Mr)L
r0r(r2 − 2Mr + a2) , (36)
t˙ =
r0rE − aL
r2 − 2Mr + a2 , (37)
r˙2 =
(
E − aL
r0r
)2
− r
2 − 2Mr + a2
r0r
(
m2 +
L2
r0r
)
= (E − V−) (E − V+) , (38)
where V±(r) is the effective potential and it is given by
V±(r) =
aL
r0r
±
√
r2 − 2Mr + a2
r0r
(
m2 +
L2
r0r
)
. (39)
Since the negative branch have no classical interpretation, it is associated with antiparticles in the framework of
quantum field theory [41], we choose the positive branch of the effective potential V = V+. In the next section we
will perform a general analysis of the equations of motion.
Dragging of inertial frames: In linear dilaton black hole, the presence of gtφ 6= 0 in the metric introduces
qualitatively new effects on particle and photon trajectories, like the effect called “dragging of inertial frames”. Thus,
by using the equations (36) and (37), we obtain
φ˙/t˙ =
dφ
dt
=
r0aE + (r − 2M)L
r0(r0rE − aL) ≡ ω(r) . (40)
This equation defines ω(r), the angular velocity of the test particle. Notice that if we consider a zero angular-
momentum particle (L = 0), the angular velocity of the test particle is given by
ω(r) =
a
r0 r
. (41)
So, a remarkable result is that a particle dropped “straight in” (L = 0) from a finite distance is “dragged” just by
the influence of gravity. Therefore, the test particle acquires an angular velocity (ω), with the same sign that a. Also,
this effect weakens with distance as 1/r. It is worth to mention that for the Kerr metric this effect weakens with the
distance as 1/r3 [42].
Ergoregion: Following a similar treatment given in Ref. [42] for the Kerr geometry, we consider photons emitted
in the equatorial plane (dθ = 0) at some given r. In particular, we consider those initially going in the ±φ-direction,
that is tangent to a circle of constant r, (dr = 0). Then, they generally have only dt and dφ nonzero on the path at
first and since ds2 = 0, from the metric (2.9), we have
0 = gtt dt
2 − 2 a sin2 θ dt dφ+ r0 r sin2 θ dφ2 , (42)
where
gtt =
r2 − 2Mr + a2 cos2 θ
r0 r
. (43)
Thus, Eq. (42) can be written as
0 = gtt − 2 a sin2 θ ω + r0 r sin2 θ ω2 . (44)
8It is worth to mention that a remarkable effects happens if gtt = 0, the two solutions are given by
ω1 = 0 and ω2 =
2a
r0 r
. (45)
Notice that the second solution, ω2, gives the same sign as the parameter a, and it represents the photon sent off in
the same direction as the rotating hole. The other solution, ω1, means that the other photon the one sent backwards
initially doesn’t move at all. The dragging of orbits has become so strong that this photon cannot move in the
direction opposite to the rotation. The surface where gtt = 0 is called the ergosphere or “static limit”, since inside it
no particle can remain at fixed r, θ, φ, and this occurs at
re = M +
√
M2 − a2 cos2 θ , (46)
being re the radius of the ergosphere, which lies outside the horizon (15) and coincides with the event horizon only
at the poles θ = 0 and θ = pi. Inside this radius, since gtt > 0, all particles and photons must rotate with the black
hole. This result is similar to the Kerr metric [42].
On the other hand, as in the Kerr solution, in the linear dilaton black hole the ergosphere occurs at gtt = 0 and
the horizon is at grr = 0. The horizon r+, is a surface of constant r and t, any surface of constant r and t has an
intrinsic metric whose line element comes from Eq. (2.9) with dt = dr = 0:
ds2 = r0 r+ dθ
2 + r0 r+ sin
2 θ dφ2 . (47)
The proper area of this surface, A, is given by integrating the square root of the determinant of this metric over all θ
and φ:
A =
∫ 2pi
0
∫ pi
0
r0 r sin θ dθ dφ = 4pi r0r+ , (48)
which is different to the result for the Kerr geometry [42].
A. Time Like Geodesics
In this case (m = 1), is adequate to rewrite the effective potential in the following form
V (r) =
aL
r0r
+
√
r2 − 2Mr + a2
r0r
(
1 +
L2
r0r
)
, (49)
whose behaviors is given in Fig. 1 for particles with a > 0 (direct geodesics) and a < 0 (retrograde geodesics),
where E corresponds to the energy of the particle, whose trajectory is allow for direct and retrograde geodesics,
E1 = V (r+, |a|) and E2 = V (r+,− |a|). Notice that retrograde geodesics allow trajectories with negative energy with
E > E2. However, the behavior of the trajectories are similar in both cases, being bounded orbits with a finite return
point Ri, which is given by
Ri =
r20E
2 + 2Mr0 − L2
2 r0
(
1 +
√
1 +
4r0(2ML2 − 2aELr0 − r0a2)
(r20E
2 + 2Mr0 − L2)2
)
. (50)
This return point for a given energy E is greater for retrograde geodesics than for direct geodesics. Now, in oder to
obtain the solution for the proper time we integrate Eq. (36), and we obtain
τ(r) =
r0(F (r)− F (Ri))
4
√
2ML2 − 2aELr0 − r0a2
, (51)
where
F (r) =
2ζ(Ω)℘−1[U(r)]
℘′(Ω)
+
1
℘′(Ω)
ln
∣∣∣∣σ[℘−1[U(r)]− Ω]σ[℘−1[U(r)] + Ω]
∣∣∣∣ , (52)
being ℘−1(Y ) ≡ ℘−1(Y ; g2, g3) the inverse P-Weierstrass function, σ(Y ) ≡ σ(Y ; g2, g3) is the sigma Weierstrass
function, ζ(Y ) ≡ ζ(Y ; g2, g3) is the zeta Weierstrass function, and the Weierstrass invariants are given by
g2 =
1
12
(
r20E
2 + 2Mr0 − L2
2ML2 − 2aELr0 − r0a2
)2
+
1
4
(
r0
2ML2 − 2aELr0 − r0a2
)
, (53)
9V(r)
r+0
r
E
E
E
1
2
R i
a > 0
a < 0
Figure 1. The behavior of the effective potential for massive particles as a function of r, r0 = 1, M = 2, L = 4 and |a| = 1.9.
and
g3 =
−1
216
(
r20E
2 + 2Mr0 − L2
2ML2 − 2aELr0 − r0a2
)3
− 1
48
r0(r
2
0E
2 + 2Mr0 − L2)
(2ML2 − 2aELr0 − r0a2)2 . (54)
Also, the radial function U = U(r) and the constant Ω are given by
U(r) =
1
4r
+
1
12
(
r20E
2 + 2Mr0 − L2
2ML2 − 2aELr0 − r0a2
)
, (55)
and
Ω = ℘−1
(
1
12
(
r20E
2 + 2Mr0 − L2
2ML2 − 2aELr0 − r0a2
))
. (56)
Now, we consider the solution of the trajectory in the coordinate time in order to compare both times
t(r) = −A+ [F+(r)− F+(Ri)] +A− [F−(r)− F−(Ri)] , (57)
where
F±(r) =
2ζ(Ω±)℘−1[U(r)]
℘′(Ω±)
+
1
℘′(Ω±)
ln
∣∣∣∣σ[℘−1[U(r)]− Ω±]σ[℘−1[U(r)] + Ω±]
∣∣∣∣ , (58)
Ω± = ℘−1
[
1
12
(
r20E
2 + 2Mr0 − L2
2ML2 − 2aELr0 − r0a2
)
+
1
4r±
]
, (59)
A± =
r0(r0E − aLr±)
4(r+ − r−)
√
2ML2 − 2aELr0 − r0a2
. (60)
Then, in Fig. 5 we plot the proper (τ) and coordinate time (t) as function of r for a particle falling from a finite
distance with zero initial velocity, we can see that the particle falls towards the horizon in a finite proper time. The
situation is very different if we consider the trajectory in the coordinate time, where t goes to infinity. This physical
result is consistent with the Kerr black hole.
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Figure 2. The behavior of the proper (τ) and coordinate (t) time for ingoing particles (L > 0) as function of r, whit M = 2,
a = 1, 9, L = 4, and r0 = 1.
The solution for φ(r) is given by
φ(r) = −B+ [F+(r)− F+(Ri)] +B− [F−(r)− F−(Ri)] (61)
with
B± =
L+ r±(r0aE − 2ML)
4(r+ − r−)
√
2ML2 − 2aELr0 − r0a2
. (62)
In Fig. 3 we plot the behavior of φ(r), and we can observe that a trajectory approaching the horizon will spiral
Ri
r
rr +_0
φ
Ri
r+
Figure 3. The behavior of φ(r) for ingoing particles (L > 0), with M = 2, a = 1, 9, L = 4, and r0 = 1.
round the black hole an infinite number of times such as was observed by Chandrasekhar for the geodesics in the Kerr
spacetime [40].
1. Radial Geodesics
In this case (L = 0) is adequate to rewrite the effective potential in the following form
V (r) =
√
r2 − 2Mr + a2
r0r
. (63)
Notice that the effective potential is the same for direct and retrograde geodesics. The behaviors of the effective
potential for massive particles is plotted in Fig 4. The turning point, RF , can be obtained from Eq. (50) by imposing
L = 0, and is given by
RF =
r0E
2 + 2M
2
(
1 +
√
1− 4a
2
(r0E2 + 2M)2
)
, (64)
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V(r)
r r r
0
E
+_
RF
Figure 4. The behavior of the effective potential for massive particles as a function of r, r0 = 1, M = 2, L = 4, |a| = 1.9,
RF = 10 and E = 2.52.
It is worth to mention that the radial motion allows only bounded orbits, similar to the trajectories with angular
momentum. However, we can observe that the energy for particle without angular momentum must be positive
(E > 0) independently if it is a direct o retrograde geodesics. In contrast to the trajectories with angular momentum
where orbits with negative or null energy for retrograde trajectories are possible. On the other hand, the solutions for
φ(r), τ(r), and t(r) have a similar behavior to the observed for particles with angular momentum due to the effective
potential.
B. Null geodesics in the equatorial plane
In this section we analyze the motion of photons, m2 = 0, so the effective potential is given by
V (r) =
L
r0r
(
a+
√
r2 − 2Mr + a2
)
, (65)
whose behavior is given in Fig. 5 for photons with a > 0 (direct null geodesics) and a < 0 (retrograde null geodesics),
where E∞ = L/r0 corresponds to the energy of the photon when r → ∞. E+ = V (r+, |a|) and E− = V (r+,− |a|).
Notice that retrograde null geodesics allow trajectories with negative energy with E > E−. However, in this case, we
can distinguish two zones, one of them allows bounded orbits (E < E∞) and the other one allows unbounded orbits
(E ≥ E∞).
r
V
r+
E
E
E
∞
+
_
0
a > 0
a < 0
Figure 5. The behavior of the effective potential for photons (L > 0) as a function of r, with r0 = 1, M = 2, |a| = 1.9.
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1. Direct null bounded trajectory
Now, we consider the direct null bounded trajectory, which is allowed for E+ < E < E∞, and the return point of
the photon yields
ri =
2L(ML− ar0E)
L2 − r20E2
. (66)
So, choosing the initial conditions for the photons as r = ri when φ = t = τ = 0, Eq. (36) and Eq. (37) yields
τ(r) =
r0√
L2 − E2r20
[√
rir − r2 + ri tan−1
√
ri
r
− 1
]
, (67)
t(r) = A0
[
2 tan−1
√
ri
r
− 1 +A1 ln
[√
r(ri − r+) +
√
r+(ri − r)√
r(ri − r+)−
√
r+(ri − r)
]]
+
A0A2 ln
[√
r(ri − r−) +
√
r−(ri − r)√
r(ri − r−)−
√
r−(ri − r)
]
, (68)
where, the constants A0, A1 and A2 are given by
A0 =
r20E√
L2 − E2r20
, A1 =
r+(r+ − aL/r0E)
(r+ − r−)
√
r+(ri − r+)
, A2 =
r−(aL/r0E − r−)
(r+ − r−)
√
r−(ri − r−)
, (69)
and Eq. (38) yields
φ(r) = B0
[
2 tan−1
√
ri
r
− 1 +B1 ln
[√
r(ri − r+) +
√
r+(ri − r)√
r(ri − r+)−
√
r+(ri − r)
]]
+
B0B2 ln
[√
r(ri − r−) +
√
r−(ri − r)√
r(ri − r−)−
√
r−(ri − r)
]
, (70)
and the constants B0, B1, and B2 are given by
B0 =
L√
L2 − E2r20
, B1 =
r+(r+ − 2M + ar0E/L)
(r+ − r−)
√
r+(ri − r+)
, B2 =
r−(2M − ar0E/L− r−)
(r+ − r−)
√
r−(ri − r−)
. (71)
Then, in Fig. 6 we plot the proper (τ) and coordinate time (t) as function of r for a photon falling from a finite
distance, we can see that the photon falls towards the horizon in a finite proper time. The situation is very different
if we consider the trajectory in the coordinate time, where t goes to infinity. Also, in Fig. 7 we plot the behavior of
φ(r), and we can observe that a trajectory approaching the horizon will spiral round the black hole an infinite number
of times.
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Figure 6. The behavior of the proper (τ) and coordinate (t) time for ingoing photons (L > 0) as function of r, with r0 = 1,
M = 2, ri = 4, and a = 1.9.
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Figure 7. The behavior of φ(r) for ingoing photons (L > 0), with r0 = 1, M = 2, ri = 4, and a = 1.9.
2. Direct null unbounded trajectory
Photons with energy E∞ ≤ E have not a barrier of potential or turning point. So, the photons can plunge into the
horizon or escape to the infinity. In this section, we consider the special case E = E∞ = V (∞) = L/r0 by simplicity.
Thus, choosing the following initial conditions for the photons: φ = t = τ = 0, when r = ri, the Eq. (36), Eq. (37)
and Eq. (38) yield
τ(r) = ±2k0
3
[
r3/2 − r3/2i
]
, and k0 =
r0
L
√
2(M − a) . (72)
t(r) = ± k0L
(r+ − r−) [(r+ − a)[T+(r)− T+(ri)] + (a− r−)[T−(r)− T−(ri)]] , (73)
and
φ(r) = ± k0L
r0(r+ − r−) [(r+ − 2M + a)[T+(r)− T+(ri)] + (2M − a− r−)[T−(r)− T−(ri)]] , (74)
where
T±(r) = 2
√
r − 2√r± tanh−1
√
r
r±
. (75)
The sign ± corresponds to trajectories that escape to the infinity or that plunge into the horizon. In section V, we
will plot the unbounded trajectories for photons. Notice that from Eq. (72) in the proper frame the photons arrive
to the event horizon in a finite proper time.
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3. Radial Motion
Radial motion corresponds to a trajectory with null angular momentum L = 0, and photons are destined to fall
toward the event horizon. From Eq. (39) we can see that for radial photons we have V (r) = 0, so that eqs. (37), (38)
and (36) in the equatorial plane become
t˙ =
r0rE
r2 − 2Mr + a2 , (76)
φ˙ =
aE
(r2 − 2Mr + a2) , (77)
±r˙ = E , (78)
where the sign (−) corresponds to photons falling into the event horizon and the sign (+) corresponds to photons
that escape to infinity. Choosing the initial conditions for the photons as r = ρi when φ = t = τ = 0, Eq. (78) yields
τ(r) = ± 1
E
(r − ρi) , (79)
where the sign ± has the same meaning given previously. Note that the above equation depends on the energy E and
it is valid for retrograde and direct geodesics. Also, for the negative sign the photons, in the proper frame, arrive to
the event horizon in a finite proper time, see Fig. 8. On the other hand, a straightforward integration of Eq. (76)
and (77) leads to
t(r) = ± r0
r+ − r−
[
r+ ln
∣∣∣∣ r − r+ρi − r+
∣∣∣∣− r− ln ∣∣∣∣ r − r−ρi − r−
∣∣∣∣] , (80)
and
φ(r) = ± a
r+ − r−
[
ln
∣∣∣∣ r − r+ρi − r+
∣∣∣∣− ln ∣∣∣∣ r − r−ρi − r−
∣∣∣∣] . (81)
Note that the solution for the coordinate time t does not depend on the energy of the photon and the expression is
valid for retrograde and direct geodesics. While the solution for φ, see Fig. 9, also, it does not depend on the energy
of the photon but it depends on the angular momentum parameter a. Moreover, for direct geodesic when r →∞
φ∞ =
a
r+ − r− ln
∣∣∣∣ρi − r−ρi − r+
∣∣∣∣ . (82)
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Figure 8. The variation of the coordinate time (t) and the proper time (τ) along an unbounded time-like radial geodesic
described by a photon as test particle, starting at ρi = 10 and falling toward the singularity or going towards infinity, for
M = 2, a = 1, 9, and r0 = 1. Thick line for the proper time and thin line for the coordinate time. The dashed part of the curve
inside the horizon has no physical meaning.
It is worth to mention that another remarkable feature of the motion of photons is the existence of circular orbits
of any radius. This occurs in the extremal case (M = a) and for L = Er0.
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Figure 9. The behavior for φ(r) for direct and retrograde trajectory starting at ρi = 10 and falling toward the singularity or
going towards infinity, for M = 2, a = 1, 9, and r0 = 1.
V. THE CM ENERGY OF TWO COLLIDING PARTICLES
In this section we study the CM energy of two colliding massive particles in the equatorial plane θ = pi/2, the
4-velocity of the test particles is given by u = (t˙, r˙, 0, φ˙), where
t˙ =
r0rE − aL
r0rf(r)
, (83)
r˙2 =
(
E − aL
r0r
)2
− f(r)
(
1 +
L2
r0r
)
, (84)
φ˙ =
aEr0r + Lr0rf(r)− a2L
r20r
2f(r)
. (85)
We will assume that t˙ > 0 for all r > r+ so that the motion is forward in time outside the horizon, so:
r0rE − aL > 0, for all r > r+ . (86)
Now, we use the 4-velocity components to obtain the CM energy of the collision of two particles in the linear dilaton
black hole, and we consider that the particles have energies E1 and E2 and angular momentum L1 and L2, respectively.
Thus, using the relation ECM =
√
2m0
√
1− gµνuµ1uν2 , where m0 denotes the rest mass of the particles, and u1 and
u2 denotes the 4-velocities of the particles, we obtain
E2CM
2m20
=
r0rf(r)(r0r − L1L2) + (K1K2 −H1H2)
r20r
2f(r)
, (87)
where
Ki = Eir0r − aLi ,
Hi =
√
(Eir0r − aLi)2 − r0rf(r)(r0r + L2i ) , (88)
whit i = 1, 2. When the particles arrive to the horizon r = r+, f(r)→ 0, H1 →
√
K21 and H2 →
√
K22 , therefore:
E2CM
2m20
(r → r+) = 1
r20r
2f(r)
(K1K2 −
√
K21
√
K22 ) . (89)
Notice that for K1K2 < 0 the ECM on the horizon (f(r) = 0) is negative infinite which is not a physical solution.
However, when K1K2 > 0, the numerator of this expression will be zero and the value of ECM will be undetermined.
In order to obtain the limiting value we use the L’Hopital rule, and obtain
E2CM
2m0
=
r0r+(K1(r+) +K2(r+))
2 + (K1(r+)L2 −K2(r+)L1)2
2r0r+K1(r+)K2(r+)
. (90)
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Note that the numerator of the above expression is finite at the horizon and when Ki(r+) = 0 the CM energy of two
colliding particles on the horizon could be arbitrary high ECM
∣∣
Ki=0
→ ∞. From Ki(r+) = 0 we obtain the critical
angular momentum:
Lci =
r0r+Ei
a
, i = 1, 2 . (91)
Besides, when K1(r+) and K2(r+) are both zero, then ECM is finite. In this case H1(r+) = H2(r+) = 0 and
E2CM
2m0
= 1− L1L2
r0r+
. (92)
Therefore, in order to obtain infinite CM energy only one of the colliding particles must have the critical angular
momentum.
By a similar analysis, it is possible to evaluate the ECM on the inner horizon, finding that this is also infinite as
long as one of the two particles has the following critical angular momentum:
Lci =
r0r−Ei
a
, i = 1, 2 . (93)
Now, in order to see if a particle with critical angular momentum could reach the horizon, we shall analyze the radial
motion of the particle with critical angular momentum and energy E, and we shall find the region where it can exist.
The radial equation can be written as
r˙2 = R(r) , (94)
where
R(r) =
(
E − aL
r0r
)2
− f(r)
(
1 +
L2
r0r
)
= − r
r0
+
2ML2 − r0a2 − 2r0aEL
r20r
+
−L2 + 2r0M + r20E2
r20
. (95)
Note that the particle can exist only in regions where R(r) ≥ 0. Also, note that at the horizon R(r+) ≥ 0 and
R(r+) = 0 for a particle with the critical momentum Lc = r0r+E/a. Therefore, from expression (95) we find that
if 2ML2 − r0a2 − 2r0aEL > 0 the radial function has the following asymptotic behaviors R(r → ∞) → −∞ and
R(r → 0)→∞, so the function R(r) has only one positive root, say r+∗ ; thus, the particle can exist only in the region
0 < r < r∗. On the other hand, if 2ML2 − r0a2 − 2r0aEL < 0, we find R(r → ∞) → −∞ and R(r → 0) → −∞,
so the function R(r) has two positive roots, and the particle can exist in the region between the roots. The roots of
R(r) are given by:
r±∗ =
E2r20 + 2Mr0 − L2 ±
√
8r0ML2 − 4a2r20 − 8ar20LE + (E2r20 + 2Mr0 − L2)2
2r0
. (96)
For a particle with the critical angular momentum, the radial function is given by:
Rc = R(r)|L=Lc =
r − r+
r
(
−r − r−
r0
+
E2
(
a2 − r2+
)
a2
)
, (97)
and it vanishes on the event horizon, to simplify the above equation we have used r+r− = a2.
The roots of the radial function R(r)|L=Lc are given by:
r1 = r+ (98)
r2 = r− +
r0E
2(a2 − r2+)
a2
.
Particles with critical angular momentum can reach the event horizon if
dRc
dr
∣∣∣
r=r+
> 0 . (99)
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For the linear dilaton black hole we obtain
dRc
dr
∣∣∣
r=r+
= − (r+ − r−)
(
1 + r0r+E
2/a2
)
r0r+
< 0 , (100)
therefore, if particles with critical angular momentum exist outside the black hole, they cannot reach the event
horizon. In Fig. 12 we plot the behavior of Rc as a function of r for the non-extremal linear dilaton black hole.
Notice that if d
2Rc
dr2
∣∣∣
r=r+
= 2
(
E2
a2 − E
2
r2+
− r−
r0r2+
)
< 0, then r2 is positive and smaller than r− and if d
2Rc
dr2
∣∣∣
r=r+
=
2
(
E2
a2 − E
2
r2+
− r−
r0r2+
)
> 0, then r2 is negative; therefore, particles with critical angular momentum cannot exist outside
the event horizon.
On the other hand, we notice that the particle with the critical angular momentum can exist inside the event horizon
r+. This can be shown by replacing the critical angular momentum Eq. (93) in the square of the radial component
of the 4-velocity Eq. (84), obtaining the analog of Eq. (97), whose derivative evaluated on the internal horizon r−
is positive dR
c
dr |r=r− > 0; therefore, the particle with critical angular momentum can reach the inner horizon and
the CM energy can be arbitrarily high, with the BSW process being possible on the inner horizon. This behavior
is similar to the rotating BTZ black hole [44–46]. In Table I we show the behavior of the CM energy on the inner
horizon as a function of the angular momentum L1 of a particle, we observe that when L1 approaches to the critical
angular momentum Lc =
r0r−E
a , the CM energy increases and tends to infinity when L1 → Lc. Also, in table II we
show the critical angular momentum Lc =
E1r0r−
a and e
−2φ(r) for different values of r0. Notice that in the equatorial
plane the string coupling depends on r0 and it does not depend on a. We also observe that when the coupling r0 is
increasing, the string coupling becomes stronger and this leads to a higher value of the critical angular momentum.
Thus, a strong string coupling requires the particle to have a high angular momentum in the collision process in order
the rotating linear dilaton black hole to act as a particle accelerator.
Table I. The behavior of
E2CM
2m0
as a function of L1 for a = 1.9, M = 2, r0 = 1, E1=1, E2 = 2 and L2 = 3. The critical angular
momentum is given by Lc =
E1r0r−
a
= 0.723947 .
L1
E2CM
2m0
L1
E2CM
2m0
5.0 3.97 0.73 177.32
4.0 3.23 0.729 212.36
3.0 2.56 0.728 264.71
2.0 2.12 0.727 351.34
1.0 4.34 0.726 522.40
0.9 6.47 0.725 1018.50
0.8 14.39 0.724 20404.30
0.75 41.40 0.72395 424247.95
0.74 67.02 0.723948 2.03 · 106
Table II. Critical angular momentum Lc =
E1r0r−
a
and e−2φ(r) for different values of r0, for a = 1.9, M = 2, and E1=1.
r0 e
−2φ(r) Lc
0.5 1
2r
0.263
1.0 1
r
0.526
1.5 3
2r
0.789
2.0 2r 1.053
On the other hand, in the extremal case, the function Rc(r) for a particle with critical angular momentum reads:
Rc(r) = − (r −M)
2
r0r
. (101)
So, the function Rc(r) is null for r = r+ = M , which is the degenerate horizon of the extremal black hole. Notice
that the particle with critical angular momentum cannot exist outside the event horizon; however, it can exist on the
degenerate horizon, which is similar to the behavior for the extremal BTZ black hole [44–46].
Now, in order to illustrate these behaviors, we show some graphics. In Fig. 10 we have plotted the behavior of
f(r) and R(r) for a = 1.9, M = 2, r0 = 1, E = 1 and L = 10, and in Fig. 11 we have plotted the behavior of
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f(r) and R(r) for a = 1.9, M = 2, r0 = 1, E = 1 and L = 0.1. In Figs. 12 and 13 we show the behavior of R
c(r)
for a particle with critical angular momentum in the non-extremal and in the extremal case, respectively. One root
of Rc(r) coincide with the horizon in the non-extremal case. This means that the particle with the critical angular
momentum can exist inside the outer horizon and the particle collision on the inner horizon could produce arbitrarily
high CM energy. In the extremal case the roots of Rc(r) coincide with the degenerate horizon, so, particles with
critical angular momentum can only exist on the degenerate horizon.
In Fig. 14 we have plotted the behavior of ECM as a function of L1, with a = 1.9, M = 2, r0 = 1, E1 = 1, E2 = 2
and L3 = 3. We see that in order to get infinite CM energy, particle 1 reach the critical angular momentum as shown
in Figs. 14 and 15.
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Figure 10. The behavior of f(r) and R(r) for a = 1.9, M = 2, r0 = 1, E = 1 and L = 10.
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Figure 11. The behavior of f(r) and R(r) for a = 1.9, M = 2, r0 = 1, E = 1 and L = 0.1.
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Figure 12. The behavior of f(r) and R(r) for a = 1.9, M = 2, r0 = 1, E = 1 and L = Lc.
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Figure 13. The behavior of f(r) and R(r) for a = 2, M = 2, r0 = 1, E = 1 and L = Lc.
1 2 3 4 5
L1
-20
-10
0
10
20
ECM
22m0
Figure 14. The behavior of ECM as a function of L1, for a = 1.9, M = 2, r0 = 1, E1 = 1, E2 = 2 and L2 = 3.
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Figure 15. The behavior of ECM as a function of L1, for a = 1.9, M = 2, r0 = 1, E1 = 1, E2 = 2 and L2 = 0.5.
VI. THE GENERAL EQUATIONS OF GEODESIC MOTION
In this section we solve analytically the geodesic equations of motion of the test particle for the radial, temporal
and orbital motion.
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A. Analysis of the angular motion (θ-motion)
In order to study the θ-motion, we consider the equation of motion (27), which can be rewritten as dθ/dγ =
√
Θ,
where the coordinate θ is a polar angle that can take only positive values. So
Θ = k2 − L
2
sin2 θ
≥ 0 , (102)
where the separability constant is non null or negative. Now, through the change of variables ξ = cos θ, Eq. (27)
yields
dξ
dγ
= −√Θξ , (103)
being Θξ = k
2(1− ξ2)− L2. The roots of the function Θξ are given by
θ1 = arccos
(√
1− L
2
k2
)
, θ2 = arccos
(
−
√
1− L
2
k2
)
, (104)
which define the cone’s angles that confine the movement of the particle. Integrating (103) we get
γ(ξ) = −
∫
dξ√
k2(1− ξ2)− L2 . (105)
The solution, in terms of the variable θ is:
γ(θ) =
1√
k2
arccos
 cos θ√
1− L2k2
 , (106)
where we have used that γ0 = 0 for θ0 = θ1. Also, the above equation can be inverted, which yields
θ(γ) = arccos
(√
1− L
2
k2
cos(
√
k2γ)
)
, (107)
for k2 > L2.
B. Analysis of the radial motion (r-motion)
Now, we consider the motion of the particle with respect to the r-coordinate. We will focus in Eq. (28) in order to
obtain the velocity of the particle dr/dt. The condition of turning point (drdt )r=rt = 0 allows us to define an effective
potential (
E − aL
r0r
)2
− f(r)
(
m2 +
k2
r0r
)
= (E − V−)(E − V+) , (108)
where we can recognize the effective potential for the particle with mass m as
V± =
aL
r0r
±
√
f(r)
(
m2 +
k2
r0r
)
. (109)
The behavior of the effective potential is shown in Fig. 1. In the following sections, we will consider the motion of
particles m 6= 0 and the motion of photons m = 0 separately.
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1. Radial motion of particles
Now, Eq. (28) can be written as: (
dr
dγ
)2
= P (r) , (110)
where P (r) = −a3 r3 + a2r2 + a1r + a0, with
a0 = −a2(k2 − L2), a1 = 2k2M − 2aELr0 − a2m2r0, a2 = −k2 + 2m2Mr0 + E2r20, a3 = m2r0 > 0 . (111)
Integrating the above equation, where r1 corresponds to the starting point, we obtain∫ γ
γi=0
dγ =
1√
a3
∫ r
r1
−dr√
P (r)/a3
, (112)
with the change of variable r = −4x+ a23a3 , the integral transform to
γ(r) =
1√
a3
∫ x
x1
dx√
4x3 − g2x− g3
, (113)
where r1 = −4x1 + a23a3 . The invariants are:
g2 =
1
a3
(
a22
3a3
+ a1
)
, g3 = − 1
16a3
(
a0 +
2a32
27a23
+
a1a2
3a3
)
, (114)
γ =
1√
a3
(
℘−1(x; g2, g3)− ϕ1
)
, (115)
being ϕ1 = ℘
−1(x1; g2, g3). Inverting this expression, we obtain:
r(γ) =
a2
3a3
− 4℘ (√a3 γ + ϕ1; g2, g3) . (116)
2. Bounded radial motion of photons
For photons falling from ρ1, ∫ γ
0
dγ =
1√
b2
∫ r
ρ1
−dr√
P2(r)/b2
, (117)
where P2(r) = −b2r2 + b1r − b0, being
b0 = a
2(k2 − L2), b1 = 2k2M − 2aELr0,
b2 = k
2 − E2r20, b4 = b21 − 4b0b2 , (118)
γ =
1√
b2
(
arcsin
(
b1 − 2b2 r√
b4
)
− ϕ2
)
, (119)
with ϕ2 = arcsin
(
b1−2b2 ρ1√
b4
)
. Inverting this expression, we obtain:
r(γ) =
b1
2b2
−
√
b4
2b2
sin
(√
b2 γ + ϕ2
)
. (120)
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3. Unbounded radial motion of photons
In this case we will consider E = k/r0 and the solution is given by
r(γ) =
b0
c1
+
1
c1
(
ϕ3 ± c1
2
γ
)2
, (121)
where c1 = 2k(Mk − aL), ϕ3 =
√
c1ρ1 − b0, and the sign (+) corresponds to photons that escape to infinity and the
sign (−), for photons that fall into the horizon.
C. Analysis of the angular motion (ϕ-motion)
From Eq. (26) is possible to distinguish an integral in the radial part and the second one in the angular θ part. So
the solution can be written as ϕ = ϕm(r) + ϕ(θ). The solution of the angular integral is given by
ϕ(θ) =
pi
2
+
1
2
arcsin
[
cos2 θ1 − cos θ
cos θ1(1− cos θ)
]
− 1
2
arcsin
[
cos2 θ1 + cos θ
cos θ1(1 + cos θ)
]
, (122)
and for particles the radial integral is given by
ϕm=1(r) =
a
√
r0E
4m(r+ − r−)
[
(r+ − aL
r0E
)(F¯+(u1)− F¯+(u))− (r− − aL
r0E
)(F¯−(u1)− F¯−(u))
]
, (123)
where
F¯±(r) =
2ζ(W±)℘−1[u(r)]
℘′(W±)
+
1
℘′(W±)
ln
∣∣∣∣σ[℘−1[u(r)]−W±]σ[℘−1[u(r)] +W±]
∣∣∣∣ , (124)
u(r) =
a2
12a3
− r
4
, (125)
u1 = u(r1) and
W± = ℘−1
[
a2
12a3
− r±
4
]
. (126)
On the other hand, for bounded photons the solution is:
ϕm=0(r) =
ar0E√
b2(r+ − r−)
[
(r+ − aL
r0E
)(G¯+(r)− G¯+(ρ1))− (r− − aL
r0E
)(G¯−(r)− G¯−(ρ1))
]
, (127)
being
G¯±(r) = +
1√
γ±
cosh−1
∣∣∣∣∣∣ 2γ± + δ±(r − r±)(r − r±)√4γ± + δ2±
∣∣∣∣∣∣ , , (128)
and
γ± =
b1
b2
r± − b0
b2
− r2± ,
δ± =
b0
b2
− 2r± .
While that for unbounded photons the solution is
ϕ(0)(r) =
ar0E
(r+ − r−)
[
(r+ − aL
r0E
)(J¯+(r)− J¯+(ρ1))− (r− − aL
r0E
)(J¯−(r)− J¯−(ρ1))
]
, (129)
where
J¯±(r) =
2√
b0 − c1r±
tan−1
∣∣∣∣∣
√
c1r − b0√
b0 − c1r±
∣∣∣∣∣ . (130)
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D. Analysis of the time motion (t-motion)
The solution for t-motion of particles is given by the following expression
t(m=1)(r) =
a
√
r0E
r−
[
℘−1(u)− ℘−1(uA) + r+
4
[F¯+(uA)− F¯+(u)]
]
, (131)
where we have considered by simplicity that the energy of the particle is EA = V (r−) = V (RA) = aL/r0r−, being RA
the turning point or Apoastro, and uA = u(RA). On the other hand, the solution for t-motion of bounded photons
yields
t(m=0)(r) =
ar0E
r−
√
b2
[
arcsin
(
b1 − 2b2 r√
b4
)
− arcsin
(
b1 − 2b2 ρA√
b4
)
+
r+√
γ+
[G¯+(r)− G¯+(ρA)]
]
, (132)
where we have considered by simplicity that the energy of the photon is EA = V (r−) = V (ρA) = aL/r0r−, being ρA
the turning point or Apoastro. While that for unbounded photons the solution of t-motion is given by
t(0)(r) = ±ar0E
r−
[
2
c1
[
√
c1 r − b0 −
√
c1ρA − b0] + r+[J¯+(r)− J¯+(ρA)]
]
, (133)
where we have considered by simplicity that the energy of the photon is EA = V (r−) = V (ρA) = aL/r0r−, and
k = aL/r−. Being, ρA the starting point of the trajectory.
Now, in order to show the trajectory for particles and photons, we plot in Fig. 16 the trajectory of a particle
that fall to the black hole (left figure) and the motion in the r-θ plane (right figure). Then, in Fig. 17 we plot the
trajectory of a photon that fall to the black hole (left figure) and the motion in the r-θ plane (right figure). Finally,
in Fig. 18 we plot the trajectory of a photon that escape to the infinity (left figure) and the motion in the r-θ plane
(right figure).
Figure 16. Trajectory for a particle that fall to the horizon. Left figure for three-dimensional motion, and right figure is the
motion in the r-θ plane, for a = 1.9, M = 2, r0 = 1, r1 = 10, k = 4 and L = 2.
VII. SUMMARY
In this paper we studied the motion of particles in a linear dilaton black hole background. We analyzed the motion
of particles in the equatorial plane as well as in four dimensions analytically. Mainly, a qualitative analysis of the
effective potential for null geodesics, shows that photons plunge into the horizon or escape to infinity, they are not
deflected. The study for massive particles shows that there are not confined orbits of first kind, like planetary or
circular orbit. Therefore, the r-motion is not periodic, and it is not possible to define the orbital frequencies Ωr, Ωθ
and Ωφ, that determine the perihelion shift and the Lense-Thirring effects, which are defined as differences between
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Figure 17. Trajectory for a photon that fall to the horizon. Left figure for three-dimensional motion, and right figure is the
projection of the orbit onto the x-z plane, for a = 1.9, M = 2, r0 = 1, ρ1 = 10, k = 4, and L = 2
Figure 18. Trajectory for a photon that escape to infinity. Left figure for three-dimensional motion, and right figure is the
projection of the orbit onto the x-z plane, for a = 1.9, M = 2, k = 4, L = 10, and ρ1 = 10.
these orbital frequencies. Now, considering the θ-motion, we observe that the polar coordinate is confined to oscillate
between θ1 and θ2. The θ-motion is periodic with a period
ωθ = 2γ(θ2) =
2pi
k
, (134)
and the corresponding frequency is 2pi/ωθ. The secular accumulation rates of the angle φ is given by:
Y
(m)
φ =
2
ωθ
φ(θ2) =
2
ωθ
[ϕm(θ2) + ϕ(θ2)] =
k
pi
[ϕm(θ2) + pi] , (135)
where ϕm(θ2) = ϕ
m[rm(pik )], and γ(θ2) =
pi
k . The secular accumulation rates of the angle φ is different for particles
and photons. It is worth to mention that another remarkable feature of the motion of photons is the existence of
circular orbits of any radius. This occurs in the extremal case (M = a) and for L = Er0.
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Also, we analyzed the collision of particles near the horizon and we studied the possibility that the dilaton black
hole acts as a particle accelerator. We found that when one of the particles with critical angular momentum, which
exists inside the outer horizon, collides with another particle, it can produce an arbitrarily high CM energy, in the
non-extremal case. For the extremal case, we have found that the particles with critical angular momentum can only
exist on the degenerate horizon. The above arguments show that the motion and collision of particles in the linear
dilaton black hole has a similar behavior to the observed for the motion and collision of particles in the BTZ black
hole [43–46]. Also, we showed that in the equatorial plane the string coupling depends on r0 and it does not depend
on a. Then we observed that when the coupling r0 is increasing, the string coupling becomes stronger and this leads
to a higher value of the critical angular momentum. Thus, a strong string coupling requires the particle to have a
high angular momentum in the collision process in order the rotating linear dilaton black hole to act as a particle
accelerator.
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